In gauge theories, separate vector spaces,Vx, are assigned to each space time point x. Freedom of basis choice is expressed by unitary operators that relate matter field values in neighboringVx. Here gauge theories are extended by replacing the single underlying set of complex scalars,C, with separate sets,Cx, at each x, and including choice freedom of scaling for eachCx. This scaling is based on the mathematical logical definition of mathematical systems as structures satisfying a set of relevant axioms. In gauge theory Lagrangians, number scaling shows as a scalar boson field, Θ, for which mass is optional and whose coupling to matter fields is very small.
dark energy. Examples of black and white scaling holes are described in which Θ(x) is plus or minus infinity at a point x0.
Introduction
Gauge theories are quite important to physics. One example of this importance is their use as the basis of the standard model. Their development is based in the idea of freedom of choice of basis vectors at different space time points. This concept was introduced by Yang, Mills, [1] . for isospin space along with the requirement that physical interactions be independent of any choice.
In gauge theories, these ideas are applied to other properties of systems besides isospin. Matter fields, ψ(x), are described as taking values in separate vector spaces,V x , at each space time point, x [2] . Unitary operators, U y,x , as elements of a gauge group, connectV x toV y . They map vectors inV x to vectors inV y .
Mathematically, the definition of vector spaces includes an underlying scalar field of real or complex numbers. In the usual setup, this is taken care of by using just one set of complex numbers,C, as the common scalar field for the different vector spaces. This setup raises the question regarding why one should use separate vector spaces for each space time point but just one complex number structure for all points. This is relevant because complex numbers are part of the definition of vector spaces as used in gauge theories.
This work continues earlier work [3] in the investigation of the expansion of the usual setup by assigning separate complex number structures,C x , to each point x. In this caseC x is the scalar number field forV x . The different complex number structures can be related to one another by the use of parallel transform operators [4] . These correspond to or define the notion of same number value between the different complex number structures.
Restriction of the maps between the different number structure to parallel transform operators, corresponds in gauge theory to restricting the gauge group to the identity map. There would be no freedom of choice of basis vectors among the different vector spaces. Here the freedom of choice of basis vectors in the vector spaces is extended to the underlying complex number structures by including a freedom of choice of scaling factors that relate numbers in one structure to those in another. This is achieved by expanding the parallel transform maps to include space time dependent scaling factors.
This extension was developed in earlier work [3, 5] by first expanding the gauge group U (n) to GL(1, c) × SU (n). The real part of GL(1, c) appears in gauge theory Lagrangians as a scalar boson field, Θ(x), that interacts very weakly with matter fields.
This description of gauge theories with separate vector spaces and complex number structures at each point x was expanded by considering a basic model of physics and mathematics in which separate mathematical structures of many different types are associated with each space time point. Included are the different types of numbers, vector spaces, algebras, etc. Any mathematical system type that is based on numbers is included. It was also assumed that "mathematics is local" in that the mathematics available to an observer O x at x is limited to the structures at x.
The effect of scaling induced by the boson field Θ on some aspects of physics was investigated. It was seen that in a local region, including us as observers, scaling has not been observed experimentally. It follows that the effect of Θ must be below experimental error in the local region. However these experimental restrictions do not apply to values of Θ at cosmological distances or for very large structures.
Since the earlier work is used in the new material presented here, it is summarized in the first Sections, 2-5, of this paper. Some new material is also included. Section 2 summarizes the expansion of gauge theories to include the freedom of number scaling. Section 3 describes the basic model with separate number and other mathematical structures associated to each point of a space and time manifold. The effects of Θ induced scaling on quantum physics are summarized. New material is described on the effect of scaling on the equations of motion of a classical system. Section 5 describes the restrictions on the space and time dependence of Θ(x) in a region, Z, in which it is possible for us as observers, to carry out experiments on systems. Here Z is arbitrarily chosen to be a region of space of radius about 1 light year centered on the solar systems. The size of Z is not important. However it should be a very small fraction of the whole universe.
Most of the new work is in Sections 6 and 7. Some effects of Θ induced scaling on the geometric properties of space and time are described. Section 6 describes the effects on line elements, curve lengths, and distances between points. It is seen that for local entities at a point, such as the line element dx 2 at x, scaling arises in the transfer of the description of dx 2 at x, to any other point z, such as the location of an observer. Scaling between x and z is present because dx 2 is an infinitesimal number value inR x , but the representation of dx 2 at z is an infinitesimal number value inR z . This scaling can be removed by letting z = x be the reference point. For quantities such as curve lengths that are described by integrals over space and/or time, a space and/or time dependent scaling factor occurs inside the integral. This scaling cannot be removed by changing the reference point.
Some examples of the effects of Θ induced scaling on geometric properties are discussed in Section 7. In one simple example, Θ(x) = Θ( x, t) = Θ(t) is assumed to depend on the time, t, only and not on space. Then the dependence of dΘ(t)/dt on time determines the time rate of change of line elements, curve lengths and distances between points at all locations in the universe. If dΘ(t)/dt > 0, then line elements, curve lengths, and distances all expand as time increases. If the expansion rate accelerates, then the change in these geometric properties has some similarity to the accelerated expansion of space ascribed to dark energy [6] . If dΘ(t)/dt < 0, then line elements, curve lengths, and distances all contract as time increases.
Other examples illustrate the effects of singularities in the values of scaling. In these Θ(r, Ω, t) = Θ(r) is assumed to be time independent and spherically symmetric about some point x 0 . r is the radial unscaled distance from x 0 to some point x. Let z be a point on the extension of the radius vector from x 0 to x. If Θ(r) → ∞ as r → 0, then the scaled distance from z to x increases to infinity as x → x 0 . If Θ(r) → −∞ as r → 0, then the scaled distance from z to x approaches a finite limit or barrier in that it is less than the unscaled distance from z to x 0 .
These properties are shown in detail for specific examples where Θ(r) = K/r and either K > 0 or K < 0. The case K > 0 is called a "scaling black hole" because the scaled distance from z to x increases without bound as x approaches x 0 . The case K < 0 is referred to as a "scaling white hole" because the scaled distance approaches a barrier as x → x 0 .
Following a brief summary section, the final conclusion section emphasizes some important aspects of this work. Included are brief discussions of the notion of sameness and of the fact that scaling refers to all mathematical quantities, independent of their possible representation of physical systems. The need to explore possible connections, if any, between Θ and other scalar fields discussed in physics is noted.
Gauge Theories

Usual setup
As noted, the usual setup for gauge theories begins with the assignment of separate n dimensional vector spaces,V x , to each space time point x [2, 7] . Matter fields, ψ(x), take values inV x for each x. Let y = x +νdx be a neighbor point of x. Let U y,x :V x →V y be a unitary operator in the gauge group U (n) = U (1) × SU (n).
U y,x is usually represented in terms of a phase, φ(x) and elements of the Lie algebra su(n) [2, 8] as
where
Here s j µ (x) is an x dependent real number, g is a coupling constant, and τ µ is a generator of su(n).
There is a mathematical problem here. This representation of the action of U y,x on ψ(x) is a vector inV x . It is not a vector inV y .
This problem can be easily fixed by factoring U y,x into two unitary operators as in
In this case U y,x becomes a parallel transformation map from V x ontoV y [4, 9, 10] . With this definition U y,x defines, or corresponds to, the notion of "sameness" betweenV x andV y . U y,x ψ(x) is the same vector inV y as ψ(x) is in V x , and U x,y ψ(y) is the same vector inV x as ψ(y) is inV y . As a map fromV x ontoV x , the representation of W y,x , with W y,x replacing U y,x in Eq, 1, is valid. The vector, W y,x U x,y ψ(y), is defined to be the representation of ψ(y) onV x . The unitarity of U x,y and Eq. 3 give
and
As is the case for U y,x , the unitary operator Z y,x :V x →V y has no representation either as a matrix of numbers or in terms of Lie algebra elements.
The distinction between U y,x and W y,x does not appear to be mentioned in the usual treatment of gauge theories. The possible reason is that it makes no difference in the results. However, this distinction is important for this work.
Expansion
In the usual setup of gauge theories there is just one complex number field of scalars associated with eachV x . Here this is expanded by the association of separate complex number structuresC x withV x for each x. The coupleV x ,C x , is assigned to each point x rather than the coupleV x ,C. This expansion is shown in Figure 1 . As was the case for the vector spaces, one introduces a parallel transform operator,
that mapsC x ontoC y . If a x is a number value inC x then a y = F y,x a x is the same number value inC y as a x is inC x . In order to proceed one needs a specific definition of mathematical systems, such as vector spaces and complex, and other types of numbers. Here the mathematical logic definition of mathematical systems in general [11, 12] is used. A mathematical system of type S is defined to be a structure,S = {S, Op, Re, K}. S is a base set of mathematical elements, Op is a set of basic operations, Re is a set of basic relations, and K is a set of constants. The structureS is supposed to satisfy a set of axioms for type S systems.
Relevant examples include real number structures,R = {R, ±, ×, ÷, <, 0, 1}, that satisfy the axioms for a complete ordered field [13] , complex number structures,C = {C, ±, ×, ÷, 0, 1} that satisfy the axioms for an algebraically complete field of characteristic 0 [14] , and vector spacesV = {V, ±, ·, ψ} that satisfy axioms for the type of vector space being considered. Here · denotes vector scalar multiplication and ψ a general vector in the space.
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Use of these definitions of structures and the expansion to separate structures at each point, as in Fig. 1 , gives definitions ofR x ,C x , andV x as
Structures are distinguished from their base sets by an overline, as inC x vs. C x . HereC x is the field of scalars forV x . As a parallel transformation [4] of number structures, the map F y,x is an isomorphism fromC x toC y . Besides mapping the base set C x onto C y , F y,x maps the operations ± x , × x , ÷ x to ± y , × y , ÷ y . F x,y with reversed subscripts, is the inverse isomorphism. By extension F y,x and F x,y are also isomorphisms betweenR x andR y .
Scaling is accounted for by factoring F y,x into two isomorphic operators as in
Y y,x mapsC x onto a scaled representation,C r x , ofC y onC x , and X y,x mapsC r x ontoC y . Here r = r y,x is a a real positive number inC x . The representation ofC r x in terms of the elements, operations and number
An equivalent representation ofC r x , as
shows, explicitly, the meaning of the operations and constant values in Eq. 9. The scaling of the multiplication and division operations in Eq. 9 is necessary so thatC r x satisfies the complex number axioms if and only ifC x does. This representation shows that r x = r × x 1 x , is the identity 2 inC r x even though it is not the identity inC x .
An important consequence of the presence of r factors with the scaled multiplication and division operations is that products and quotients of terms in C r x end up with the same scaling factor as do single numbers. For example,
Here a i and b i are the same number values inC x as a The r factors associated with multiplication in the numerator cancel all but one factor associated with the number values. This is canceled by the r factor from the denominator. The remaining r factor arises from ÷ r → r ÷ . It follows that for any analytic function f (a), as the limit of a power series,
Here f r is the same function inC r x as f is inC x . One sees from this that equations are preserved under scaling fromC
This preservation of equations under scaling is important especially for theoretical predictions in physics that correspond to solutions of equations. These r dependent representations emphasize the fact that the elements of the base sets in the structures have no inherent number values outside of a number structure. They acquire values inside a structure only. These values are determined by properties of the basic operations and relations in the structure. For example, the element of C x that has value a r x inC r x , Eq. 10, has value ra x inC x . Here a r x is the same number value inC r x as a x is inC x . This structure dependence of the values assigned to elements of C x is why the term "number values" is used instead of just "numbers". The elements of the base sets can be referred to as numbers. However the value assigned to each base set element depends on the structure that contains the element. More details are given in [5] .
Scaling also applies to the vector spaces. The scaled representation, V r x of V y onV x , is given by
The presence of scaling means that the definition of W y,x includes not only the Lie algebra representation of the gauge group, as in Eq. 1 with W y,x replacing U y,x , but also the effect of scaling. Here the gauge group representation has been suppressed to simplify the expression. An equivalent representation ofV r x as is the same vector inV r x , Eq. 15, as rψ x is inV r x , Eq. 14 as ψ x is inV x . More details on this, including support for inclusion of the factor r in rψ x , is given in [3] .
The dependence on y arises through the definition of r = r y,x as the scaling factor ofC y relative toC x . r y,x is a real number inC x and r x,y is a real number inC y . Note that the statement r y,x r x,y = 1 makes no sense as multiplication is not defined between number structures, only within structures. This is remedied by writing r y,x (r x,y ) x = r y,x F x,y (r x,y ) = 1 x . This is an equation inC x .
The scaling factor, r y,x , can be defined from a new vector field, A(x). If y = x +μdx is a neighbor point of x then
The association of separate complex number structures with each space time point means that for each x, the exponent, and r y,x , are real number values in
Here p is a path from x to y. The subscript x means that the integral is evaluated inC x , and the superscript p on r y,x indicates possible dependence on the path. In this work a simplification is used in that A is assumed to be the gradient of a scalar field Θ as in
Eqs. 16 and 17 become r y,x = e ∇xΘ·μdx (19) and
The subscript x on Θ(y) indicates that Θ(y) x is the same value inC x as Θ(y) is inC y . The advantage of this simplification is that r p y,x is independent of the path p. This occurs because the gradient theorem [16] allows replacement of the integral in Eq. 17 by the endpoints.
For gauge theories, the presence of the scaling factor results in an expansion of the gauge group by replacing the U (1) factor by GL(1, c). IfV x is n dimensional, the gauge group, U (n), is replaced by GL(1, c) × SU (n) [7] . The real component of GL(1, c) is due to the Θ field.
The covariant derivative for matter fields with the scaling factor included is
Here V (x+dx µ , x) is an element of U (n), and r x+dx µ ,x is given by Eq. 19 with ∇ x replaced by the µ component, ∂ µ,x . The term, r x+dx µ ,x V (x+dx µ , x)ψ(x+dx µ ) x , is obtained by noting that
Use of this in Lagrangians and the requirement that terms in the Lagrangians are limited to those that are invariant under local U (n) transformations, gives the result that QED and other Lagrangians contain an extra term of the form g rψ γ µ A µ ψ. Here g r is a coupling constant and A µ (x) = ∂ µ,x Θ. A mass term for Θ may be present as it is not excluded by local U (n) invariance.
Abelian gauge theories are a good example of how this works. Here the vector spaces are two dimensional and the expanded gauge group is GL(1, C). The covariant derivative in the Dirac Lagrangian,
is given by Eq. 21.
The requirement that all terms in the Lagrangian [2, 8] be invariant under local U (1) gauge transformations leads to the requirement that [8] 
Here Λ(x) = e iφ(x) is a local U (1) gauge transformation. Setting
in the covariant derivatives, expanding the exponentials to first order and using Eq. 24 gives
Coupling constants g r and g i have been added for the A and B fields. D ′ µ,x is obtained from D µ,x by replacing unprimed A and B fields with primed ones.
Use of these results in the Dirac Lagrangian and adding a Yang Mills term for the B field gives the result
Here B(x) is the usual photon field. This Lagrangian differs from the usual QED Lagrangian by the presence of an interaction term, ig rψ γ µ A µ (x)ψ(x), between the A and matter fields and a mass term for the A field. This result shows that the Θ field with A(x) = ∇ x Θ(x) is a boson field. The presence of a mass term for Θ indicates that the boson may have mass, however λ = 0 is also possible.
One property of Θ that one can be sure of is that the coupling constant, g r , of A to matter fields must be very small compared to the fine structure constant. This is a consequence of the great accuracy of QED without the presence of the A field. It is also likely that Θ is a spin 0 boson. This is a consequence of the fact that the scaling factor, r y,x , applies to number structures and, by extension, vector spaces.
At this point it is not known which physical field, if any, Θ represents. Candidates include the Higg's boson, gravity, dark matter, dark energy, etc. [6, 17] . It is hoped in future work to determine if the boson field, Θ is any one of these fields or is something else.
3 The basic model
General description
So far, the description of separate complex number structures,C x and vector spaces at each point x has been limited to their use in gauge theories. This suggests that one explore some consequences of the expansion of this to a model of physics, geometry, and mathematics in which the basic setup consists of separate mathematical structures of different types associated with each point, x, of a space time manifold, M .
The emphasis here is on exploration. At present it is not known if physics makes use of the Θ field. A first step in determining the relationship, if any, of Θ to physics is to explore the effects of Θ on physical and geometric entities. It will be seen that Θ does effect theoretical descriptions of these entities.
The types of mathematical structures assigned to each point, x, of M include structures for numbers of different types (natural numbers, integers, rational, real, and complex) and any other systems that include numbers in their description. These include vector spaces, algebras of operators, group representations, etc. Each system type S is included as a separate structure,S x , at each x that satisfies a set of axioms [11, 12] relevant to the structure type.
In more detail a structure,S x , can be represented as
S x , Op x , Re x , K x are the sets of base elements, the basic operations, the basic relations, and constants respectively. The scalars forS x are those inC x ,R x , or any other number type. The model of physics and mathematics considered here is different from that described by Tegmark [18] in that physics systems are considered to be different from mathematical structures. It is not assumed that the universe of physical systems is mathematics as is done in [18] . However, details on the differences between physical systems and mathematical structures must await future work.
The association of mathematical structures at each point x is combined with the idea that observers can be located at points of M . This is clearly an idealization as observers are macroscopic objects that occupy finite regions of space time. This problem is easily remedied here by choosing x to be any point in the region occupied by an observer. As far as scaling is concerned, it will turn out that the choice of the point x in the observer occupied regions has no observable effect on scaling.
The assumption is now made that the totality of mathematics directly available to the observer, O x at x, is limited to the mathematical system structures S x , at x. This is based on the idea that all the mathematics that O x can use to make predictions, etc. is in his head. Mathematics in a textbook that O x is reading or being communicated in a lecture is not available to O x until the information is recorded in O ′ x s brain. In other words, mathematics is local. The totality of mathematics available to O x is denoted by x . As might be expected, x contains both unscaled and scaled structures. For each structure typeS x in x . there are also scaled structures,S Eq. 9, real number structures, R ry,x x , and vector spacesV r x Eq. 14. Most of these scaled structures will not be discussed here as they are not needed for the purposes of this paper.
Comparison of Theory and Experiment
One area where one would expect scaling to have an effect is in the comparison of theory predictions with one another or with experimental results. Suppose an experiment carried out at x gives a numerical result a x and the same experiment repeated at y gives the numerical result 4 b y . With separate number structures at each point it follows that a x and b y are real number values inR x (orC x ) and R y (orC y ) respectively.
Comparison of these two results requires transfer of both results to one location so that they are number values within one structure and can be locally compared. If scaling is absent, then the two numbers to be compared at site x are a x and b x = F x,y b y . Since b x is the same number value inC x as b y is in C y , the relationship between the experimental numerical results is the same for separate number structures at each point as it is for one common structure,C for all points. With separate number structures one compares a x to b x . With one number structure one compares a x with b y as both number values are inC. If one suppresses statistical and quantum mechanical uncertainties, one would expect to find a x = b x for separate number structures and a x = b y for one number structure.
The situation is different if scaling is present. With separate structures at each point, one compares, at x, a x with r y,x b x where r y,x is the scaling factor fromC x toC y . Since the same experiment is done at both x an y, one would expect these two numerical results to be equal. Again statistical and quantum mechanical uncertainties are suppressed. This is clearly not true as a x = r y,x b x . A similar result is obtained for a comparison at y as b y = r x,y a y . Thus, with scaling, an observer at x or y or at any point would conclude that the results of these two experiments are not equal.
This description of comparison of theory with experiment causes problems for number scaling. The reason is that physics gives no hint of such inconsistencies.
However, there is, in fact, no problem because scaling plays no role in the comparison of experimental results or theory predictions with one another or with experiment. The reason is that the above description of comparison is not correct. No experiment or theory computation ever gives a number value directly as output. Outputs of experiment or theory computations are instead physical systems in physical states that are interpreted as numbers. If φ x and ψ y are output states of computations or experiments at x and y, then the numerical values inR x andR y associated with these results are given by interpretation maps J x and J y as J x φ x and J y ψ y .
Comparison of these outputs requires transmission of the information contained in these states to a common point for comparison. Typically this is done by use of physical media such as light or sound. The transmission of the information must be such that information is not lost or distorted during transmission. If T x,y (ψ y ) denotes the state of the physical system at x that carries the information in ψ y from y to x, then comparison is between the number values J x T x,y (ψ y ) and J x φ x . There is no scaling involved in this comparison of numerical results as the comparison is done locally at some point and not at different points. The theory or experiment output state, ψ y at y corresponds to the number J y (ψ y ) inR y . Comparison of the output with the numerical result, J x (φ x ) of the theory or experiment output state, φ x at x, requires transporting the information contained in ψ y to a common point, x, for comparison. The numbers to be compared are J x (φ x ) and J x (T x,y ψ y ).
One might conclude from this that number scaling has no effect in physics and can be dispensed with. This is not the case. Number scaling affects all theoretical descriptions of physical systems that involve derivatives or integrals over space or time. For instance, suppose the theory prediction of the numerical outcome of the experiment at y is described by an integral or derivative over space time or space or time. Then, if scaling is present, the predicted value to be compared with the experimental value, J y ψ y , is different from the predicted value if scaling is absent. Examples of this will be given in the following sections.
Effects of Θ on Physics
As was noted earlier a main goal is to determine the physical properties of the field Θ and its relationship to other physical fields. So far one knows from the great accuracy of QED that the coupling of Θ to matter fields must be very small. Also it is not known if Θ is massless or has a mass.
Additional properties of the boson field, Θ, can be determined by examining the effect of scaling on physics. As seen in other work [3, 5] , The requirement that mathematics is locally available means that one must address the question of how O x deals with mathematical descriptions of physical systems that use integrals or derivatives over space time or space and/or time. The description of derivatives in gauge theories has already been described. However, there are many other examples.
A simple example of an integral over space is the description of wave packets in nonrelativistic quantum mechanics as
In the usual description in quantum mechanics, all the vectors |y ψ(y) belong to one Hilbert space. The addition of vectors implied in the integral has meaning as addition is defined within the Hilbert space. Eq. 30 loses its meaning under the assumption of local availability of mathematics with separate Hilbert spaces and complex numbers,H y ,C y , at each point y. The problem is that the definition of the Hilbert space containing ψ is problematic. The reason is that there are separate complex number structures for each point, y, instead of just one common structure.
One approach is to start with structures,H y ,C y , for each y where eachH y is one dimensional. It contains the vectors, c|y where c is any complex number inC y . One can form a direct sum Hilbert space provided theC y are all mapped to a common structure.
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In the absence of scaling, the problem can be fixed by use of the unitary parallel transform operators, U x,y , in Eq. 3 and F x,y in Eq. 6 to mapH y onto H y)x andC y toC x . Then the spaces,H y)x , can be summed to create a single Hilbert space for wave packet vectors. This is shown in
The vectors inH y)x all have the form c|y where c is the same complex number value inC x as it is inC y . A reference location, x, is necessary in this setup. Wave packet states, as in Eq. 30, can be expressed in this Hilbert space as,
This is equivalent to the wave packet integral in the usual case with just onē C and oneH for all points of M . Also the probability of finding the system ψ somewhere, given by
is the same as the value for just oneH andC. The same holds for the expectation value, of the position operator,ỹ,
This is the same real number inC x as is the usual value in the case of just onē H and oneC. The inclusion of scaling changes these results. In this case, Eq. 31 is replaced byH
Here r = r y,x is the scaling factor, Z x,y = W y,x U x,y , Eq. 3 and X x,y = Y y,x F x,y , Eq. 8.H r y)x is given in footnote 3 andC r x is given by Eq. 9. Vectors inH r y)x (one dimensional) have the form r y,x c|y x with c the same number value in bothC y andC x . The right hand implication expresses the observation that the different C r x can all be mapped with scaling ontoC x .
This result shows that inclusion of scaling requires that the term |y x ψ(y) x in Eq. 32 be replaced by r y,x |y x ψ(y) x . The resultant wave packet integral is
Also the probability and position expectation values become
The subscripts, x, indicate that all numerical values, states, and operations in these equations belong toH x andC x in x . The reference point x for these integrals can be changed from x to another point z by applying an external scaling factor that reflects the change.
and for the expectation values,
and ψ|ỹ|ψ
It is clear from these expressions that the dependence of these values on the reference point, z, is given by the term Θ(z) in the exponent of the scaling factor. The usual expression for the momentum operator,
is changed in the presence of separate number structures and scaling. As was seen in gauge theories, the usual expression for the derivative,
makes no sense because ψ(y + dy j ) is inC y+dy j and ψ(y) is inC y . This can be remedied by parallel transporting ψ(y + dy j ) toC y . The derivative becomes
Here ψ(y + dy j ) y = F y,y+dy j ψ(y + dy j ) is the same number value inC y as ψ(y+dy j ) is inC y+dy j . The prime on the derivative refers to its definition within C y . F y,y+dy j is the parallel transport operator, Eq. 6, for number structures.
Inclusion of scaling follows the description of the covariant derivative in gauge theory [2, 8] . Here ∂ ′ y,j ψ becomes D y,j ψ where
Using r y+dy j ,y = e Θ(y+dy
as the scaling factor, and expanding the exponential to first order gives
The prime on the derivative has been dropped because it has no effect on the value of the derivative. This shows that, in the presence of scaling, the momentum operator,
is similar to the expression for the canonical momentum for the electromagnetic field. However it seems that Eq. 48 must also be used for the actual physical momentum of a quantum system. In this case the kinetic energy component of a Hamiltonian for a system isK
Another area in which scaling affects physics is the derivation of equations of motion from the action. Scaling would be expected to have an effect since the action is an integral over space and time or space time of the Lagrangian density.
A simple example consists of the derivation [19] of the equation of motion of a classical system from the action
Here γ is the path taken by the particle and γ(s) is the particle position at time s. With no scaling but separate mathematical systems at each point the integrand must be parallel transported to some common point, x, for the integral to make sense. The result is
With scaling included the action becomes,
The exponential factor accounts for scaling in transferral of the integrand from γ(s) to x. For the unscaled action the Euler Lagrange equations give [19] Newton's equation of motion as dp(t) dt
Here p(t) and F are the particle momentum and force on the particle and L is the Lagrangian. With scaling included one obtains, dp(t) dt
This result is obtained by letting Z(Θ, γ,γ) be the integrand of Eq. 52, carrying out the derivatives in the Euler Lagrange equation,
and cancelling out the common exponential factor. There is no variation with respect to Θ. One can also set
The presence of Θ results in two new terms in the equation of motion. The new term ( dΘ dγ )L contributes to the force on the particle. If one sets dΘ dγ = A(γ(t)), then the extra force term becomes A(γ(t))L. This term is always present if there is scaling and L = 0. This includes the case where L = (1/2)mγ 2 is the usual kinetic energy Lagrangian for which the usual force term dL/dγ = 0.
The other new term contributes to the time rate change of the momentum. It is always present if there is scaling and there are terms in the Lagrangian that includeγ.
The field Θ also appears in many other equations of motion. As an example, for the the Dirac Lagrangian density,
the action, with number scaling included, is given by
The subscript x means that the integral is evaluated at x. Variation of the action with respect to ψ orψ gives equations of motion where the presence of Θ shows up only in the derivative, D µ,y . The exponential factor multiplying the Lagrangian has no effect. This is a consequence of the fact that it does not depend on ψ. The result gives the Dirac Lagrangian with D µ,y replacing ∂ µ,y as in
Here
and g is a coupling constant. A common feature of effects of scaling is that scaling depends only on the difference between values of Θ at different points. The effects are invariant under changing the value of Θ(x) everywhere by a constant. This follows from
There are many other examples of the effect of scaling in quantum physics that could be given. However these are sufficient to show that the local availability of mathematics, without scaling, affects the form but not the values of theoretical predictions and descriptions. Predictions under the local availability of mathematics with no scaling are the same as with one mathematical system of each type for all points of M . This is not the case if scaling is included. Predictions of values of physical quantities with scaling are different from the values without scaling.
Restrictions on Θ
These few examples, and many more that can be constructed, show that the presence of scaling caused by the boson field Θ does affect theoretical predictions of properties of systems. Simple examples include the probability, at x of finding the system ψ somewhere, given by Eq. 37 as
and the position expectation value, given by Eq. 38 as
All experimental tests of these properties of quantum systems, done so far, show no effect of the presence of Θ. The probability of finding a system in state ψ somewhere is equal to one and is independent of where the probability is calculated. Similarly there is no experimental evidence for the presence of Θ in comparing predicted expectation values with those from experiment. It follows that
Here ≃ 0 means, equals 0 to within experimental error. An important aspect of these and other experimental comparisons of theory with experiment in which systems are prepared in some state and their properties measured, is that the systems occupy relatively small regions of space and time. It follows that the integrals over all space in the expectation values of Eqs. 63 and 64 can be replaced by integrations over finite volumes, W. W is determined by the requirement that the values of the integrals over all points outside W are too small to be detected experimentally.
This replacement of infinite space or space time integration volumes by finite ones holds for all theory experiment comparisons in which states are prepared by observers at some location, x and measured at some location y and the theory computations done at location z. The preparation, measurement and computation volumes of space time are all finite. This is the case even for statistical comparisons of theory with experiment. If theory experiment comparison requires comparison of theory with the average value obtained from n repetitions of an experiment, then the total space time volume required is roughly n times that for a single experiment.
Let Z be a region of space time that includes all space and time points that are accessible to observers for preparing systems in states and carrying out measurements on the prepared systems, or for making computations. The fact that the effect of Θ is not observed, means that for all pairs, y, x of points in Z,
Here x denotes the location of any actual or potential observer location and y is in the sensitive volume of any actual or potential experiment or of any computation. The condition, ≃ 0, means that the effect of Θ, if any, is too small to be observed experimentally. The anthropic principle [20] plays a role here. It states that the physical laws and properties of physical systems must be such that there exists a region Z of space and time in which, we, as intelligent observers, can exist, make theoretical predictions, and carry out experiments to test the predictions.
On a local scale, the region Z is large. It includes the earth as all experiments and calculations carried out so far have been by observers on or very near the earth. However Z must also include locations for which there is a potential for observers to exist, carry out experiments, and communicate with terrestrial observers. It follows that Z must include the solar system as the potential for observers to carry out experiments on solar system planets and in orbit around planets must be included.
A generous estimate of the spatial extent of Z is as a sphere of a radius of a few light years centered on the solar system. The reason it is not larger is that the time required to establish multiple round trip communications with intelligent beings in regions outside Z, if any exist, and to discover that there is no effect of Θ at these distant locations, is prohibitively long.
This rough estimate of the size of Z gets some support from another estimate of the size of the larger region in which it is possible for us, as terrestrial observers, to just determine if intelligent beings even exist. This region is estimated [21] to be a region that includes stars that are at most, about 1,200 light years distant. If intelligent beings exist anywhere outside this region, we will never become aware of their existence.
It is difficult to set a restriction on the time range of Z. It certainly includes the present and recent past. How far it extends into the future is unknown. For these reasons no time range will be assigned to Z. The only restriction is that it includes the present and recent past.
The important point here is that the restrictions on values of Θ, in Eq. 65, are limited to points in Z and that Z is small on a cosmological scale. The exact size of Z is not relevant. So far there are no restrictions on the values of Θ at locations outside Z. This includes the effect of scaling on theoretical descriptions of very large systems or systems at cosmological distances.
Effects of Θ on Geometry
As noted, the result that Θ(y) x − Θ(x) ≃ 0 locally for all points in Z does not exclude the possibility that the boson field affects properties of physical and geometrical structures that are large on a cosmological scale. The restrictions also do not apply if the location, y, of some event is far away from us, as observers of the event from locations in Z. It is also possible that the restriction does not apply for x and y in regions of size Z that are cosmologically far away from us.
For these reasons it is worthwhile to investigate the effects of Θ on geometric quantities, particularly over large distances. The geometry to be investigated is that of the basic model, Section 3, which is the assignment of separate number structures,C x andR x , at each point, x, of a space time manifold, M . As noted, scaling affects all quantities that involve integrals or derivatives over space time or space and/or time. It also is used in the change of reference points for observers providing a mathematical description of physical and geometric properties.
Effect of Scaling on the Line Element, ds 2 x
It is useful to begin with a description of the effect of scaling on the line element, ds
The subscript x means that this is the line element at point x of M . Under the usual setup, the metric tensor, g µ,ν (x), takes values inR for all values of x, and dx 2 is based onR for all values of x. This follows from the association of just one real number structure with all points of M . The components, dx µ , of the vector are elements of an n tuple of numbers inR n . (M is assumed to be n dimensional.) This represents a coordinate system that is valid locally at x.
Here the setup is different in that separate real number structuresR
. This shows that, in the absence of scaling, the value of the line element ds 2 x at point x is independent of which number structure is used for the value of ds 2 x . Replacement of a singleR by separateR x at each x has no effect. This is no longer the case if scaling is included. Then the value of ds 2 x at z is multiplied by the scaling factor from x to z. The result is (ds
As before, F z,x parallel transforms numerical quantities from x to z, and e
gives the effect of scaling on the reference point change.
Eq. 67 shows that, relative to an observer at z, (ds Θ z depends on x. For reasons discussed in subsection 5, the scaling factor is independent of all reference locations, z, in Z.
The expression, exp Θ(x) z − Θ(z), for the scaling factor, r y,x , is valid if the vector field, A(x), appearing in the original definition of r y,x , Eq. 16, is integrable. If A(x) is not integrable, then Eq. 17 is used for the scaling factor and Eq. 67 for the scaled line element is replaced by (ds
Here γ is a path from z to x. This introduces a complication in that the scaling factor depends on the path from z to x. For A not integrable, it is an open question whether this path dependence should remain or be removed by carrying out some type of path integration.
The scaling of the line element ds 2 x shows that, if A is integrable, then the scaling factor is independent of the geometry in that it is independent of the metric tensor. It is the same for Riemann geometries as it is for Euclidean and Minkowski geometries. However, scaling influences geometries because many geometric properties have numerical values.
Euclidean spaces present a simple example of the effect of scaling. For these spaces the line element at x, referenced with scaling to z, is (ds
Here · x and · z denote x and z based scalar products of vectors on Euclidean M . This result can be described by replacement of the usual Euclidean metric tensor,
by an x dependent tensor
The tensor is still diagonal in the component indices. However for each reference location, z, it is a function of x. In Eq. 70 the delta function components are number values inR x . In Eq. 69 they are values inR z . The equations also show that
One result of scaling is that, in scaled Euclidean space, coordinate systems are valid only locally. To see this, let CS x be a coordinate system with origin at x. If CS x is valid globally, then coordinates of points in M are described by n-tuples of number values inR n x . As a geometric entity at x, the line element, written out so that the scalar product operation in CS x and arithmetic operations inR x are made explicit, is
Let CS z be a coordinate system with origin at z. If CS z is valid globally, then coordinates of points in M would correspond to n-tuples inR n z and the line element at x would be described by Eq. 72 with all subscripts x replaced by z. This contradicts Eq. 69 which shows that the representation of ds 2 x in CS z includes r x,z as a scaling factor. This shows that number tuples inR n z cannot be used to describe geometric elements at locations x that are different from z.
Another way to understand this is to note that the n tuple,R n x , used in CS x , corresponds to the n tuple of scaled real number structures, (R rx,z z ) n , at z. Herē R rx,z z , given by Eqs. 9 and 10 with R replacing C, is the scaled representation ofR x onR z .
This would lead to a strange coordinate system where the coordinates of each point, relative to the origin include a location dependent scaling factor. For a coordinate system with origin at z, the coordinates of each point x would be an n-tuple of numbers in (R rx,z z ) n . Note the x dependence of the scaling factor, r x,z .
Fortunately, this representation of CS x on CS z can be replaced by r x,zR n z provided the scaling of operations in (R rx,z z ) n is accounted for. As a specific example, the scaled representation, at z, of ds 2 x , as shown in Eq. 72, is given by
To save on notation, r x,z is denoted by r. The superscript r and subscript z denote membership inR rx,z z . This result is the same as that in Eq. 69 for the scaled line element. It shows in detail how one can change the reference point of a geometric element from x to z by changing the reference points, with scaling, of the components of the geometric element. However one must also change the reference points of the multiplication operations. As Eq. 9 shows, scaling of the operations must be included with these changes.
This result shows that reference point change, with scaling, from x to z, of the components of a geometric entity and combining the components after change, gives the same result as first combining the components, and then changing the reference point of the resultant entity. However, this is the case only if the operations used in combining the components are scaled.
The description for Euclidean space can be extended to 3 + 1 space time which is the venue for special relativity. For the coordinate representation, t, x, the metric tensor at x in the +, −, −, − representation is
This can be used to write the line element at x = r, θ, φ, t as
With separate real number structures,R x , at each point, x, and with scaling included, the line element at x, referenced to z, is given by Eq. 67 with g µ,ν (x) replaced by η µ,ν (x). The result is (ds
Here η These results also show that the geodesic distance between two points, determined by photons, is 0 and that the value is independent of scaling. The boson field, Θ has no effect on this distance. This is not the case if ds 2 x = 0. Then the value of (ds 2 ) Θ z does depend on Θ. This is a consequence of the fact that 0 is the only number value unaffected by scaling. In this sense, it can be regarded as a "number vacuum" as it is invariant under scaling.
For an observer at a space time location z = t, z, all theory expressions are based onR z and the mathematics at z. Eq. 76 is an example of this for the scaled line element. These expressions all refer to a single reference time point t. However observers, along with all other physical systems, move on a world line in space time. It follows that the reference point z is changing with time.
This can be accounted for by letting p(τ ) be the world line of an observer where τ is the proper time for the observer and p(τ ) is the observer's location at time τ. The line element at x, referenced to the location of an observer at time τ, is defined by replacement of z by p(τ ) to obtain (ds
(ds
x is the same number value inR p(τ ) as ds 2 x is inR x . Figure 3 shows the effect of world line motion on scaling for two times, τ and τ ′ . The quantity Q is used in the figure to show that scaling depends only on point locations and not on the quantity being scaled. It is the same for the line element as for any other quantity. If the observer is in region Z, as is assumed here, then the observer's world line is within the accessible region Z. In this case the motion of O p(τ ) along p has no effect on the scaling as Θ(p(τ ′ )) ≃ Θ(p(τ )) for any proper times τ, τ ′ accessible to the observer.
Curve Lengths
The description of line elements on M can be expanded to describe the effect of scaling on the length of curves on M. Let γ : [0, 1] → M be a smooth curve on M parameterized by s where γ(0) = x and γ(1) = y. The infinitesimal length of γ at s is represented by
Here ∇ s γ is the gradient of γ at γ(s). |∇ s γ|ds is the square root of the line element dx 2 = dx · dx where dx is ∇ s γds. Tangent spaces [22] are suitable venues for the description of line elements and curve lengths for different geometries on M. As an element of the tangent bundle on M , the tangent space T x M, is the vector space of all vectors that are parallel to M at x. Coordinate systems on the tangent spaces can be used to give basis expansions of vectors in the tangent spaces. For instance, coordinate Figure 3 : Effect of change of reference point of quantity Q x at x to two points p(τ ) and p(τ ′ ) along an observers world line. Q is used instead of the line element ds 2 to show that the scaling factors depends only on the location of the points, x, p(τ ), and p(τ ′ ) in M . They are the same for all quantities Q and for pure numbers at these locations. system representations of dx and of ∇ s γds are given in T x M and T γ(s) M. The origins of these coordinate systems are at x and γ(s) respectively.
The length of γ is given by the line integral of |∇ s γ|ds along γ. In the usual setup with just oneR for all points of M the length is given by
As such it is a vector in T γ(s) M. This equation is valid everywhere in M . The reason is that the real number structure,R, and the mathematics based on them are the same everywhere. Thus an observer O x at any point x with mathematics based onR, accepts Eq. 79 as valid. In particular the integrand, (∇ s γ · ∇ s γ)
1/2 is a number value inR for each value of s. The integral, as the limit of a sum of these values, makes sense as the number values to be added are all inR. The coordinate system representation of ∇ s γds as a vector in T γ(s) M, is based onR with vectors in this space corresponding to n-tuples of real numbers inR n . The setup changes for the basic model assumed here with assignment of separate real number structures to each point of M. In this case, for each s, the scalars for T γ(s) M are number values inR γ(s) and the coordinate system components of ∇ s γ are number tuples inR n γ(s) . Also |∇ s γ| = (∇ s γ · ∇ s γ) 1/2 , is a number value inR γ(s) . As a result the integral in Eq. 79 does not make sense as it is the limit of a sum of real numbers, in different real number structures.
Addition is defined only within real number structures, not between them. This can be fixed by choice of a reference point in M and parallel transferring the integrand to the number structure at the chosen point. For example if x is the reference point, then the integrand values for each s and the path integral take values inR x .
In the absence of scaling, one obtains
is the parallel transform operator, Eq. 6, for number values from γ(s) to x, and F x,γ(s) |∇ s γ| = |∇ s γ| x is the same number value inR x as |∇ s γ| is in R γ(s) . Also L(γ) x is the same value inR x as L(γ) is inR in the usual setup withR common to all points of M . Scaling changes the value of L(γ) x . The reason is that transferral of integrand values of a common reference point includes scaling factors. This is seen by noting that the length of γ with scaling is given by
In general r γ γ(s),x is given by Eq. 17 as
The superscript γ shows the path dependence of the scaling factor .The subscript x shows that the exponential and integral in the exponent are defined onR x at x. If A is the gradient of a scalar field, Θ, then the path dependence of the scaling factor disappears and Eq. 81 becomes
Note that in Eq. 83 the scaling factor is inside the integral because it depends on the value of the integration variable. This type of scaling is called internal scaling. The reason is that it occurs inside a mathematical operation, such as integration or derivation over space, time, or space time. It describes the transfer of the mathematical elements to a reference point where the mathematical operation can combine the elements. This is distinguished from external scaling which refers to the change of the reference point of a mathematical operation. This occurs outside the mathematical operation being considered. For example, changing the reference point of the scaled length, L(γ) Θ x , of γ from x to the endpoint, y, of γ, is obtained by parallel transforming the integral of Eq. 83 to y and multiplying by the scaling factor r x,y . One obtains 
Here r x,y (r γ(s),x ) y = r γ(s),y has been used. The description of scaled curve lengths and line elements illustrates a difference between external and internal scaling. For local entities, such as line elements, external scaling can always be removed by using the location of the entity as the reference point. For nonlocal entities, such as curve lengths, the effect of scaling can perhaps be minimized by suitable choice of a reference point, but it can never be removed. The one exception is the case with no scaling in which Θ(x) is a constant.
Vectors
A good illustration of the effect of scaling on curve lengths is that for vectors in Euclidean space. If γ is a vector from x to y with γ(0) = x and γ(1) = y then γ(s) = x + sd xμx and ∇ s γ = d xμ is independent of s.μ is a unit vector in the direction from x to y, and d x = |∇ s γ| x is the unscaled length of the vector referred toR x at x. Use of the scaling factor in Eq. 83 gives the scaled length of γ, referred to the initial point, x, of γ:
The length of γ, referred to the end point, y, of γ, is given by
Here d y and Θ(x + sd xμ ) y are the same number values inR y as d x and Θ(x + sd xμ ) x are inR x . Comparison of the lengths in these two equations shows that
Here (L Θ (γ) y ) x is the same number value inR x as L Θ (γ) y is inR y .
Comparison of this result with Eq, 86 shows that (L
This follows from the fact that, in general, Θ(y) x = Θ(x). However, if one includes the scaling factor in the transformation L Θ (γ) y → (L Θ (γ) y ) x , then the two lengths, referred to x, are the same. This is shown by
Eq. 86 shows clearly the effect of the scaling field on vectors. The integral multiplying the unscaled length, d x , gives the change in length due to scaling. If A(γ(s)) = ∇ s Θ(γ(s)) is parallel to ∇ s γ, for all s, then A(x + sd xμ ) ·μ = | A(x + sd xμ )| and the exponent is positive for all values of s. In this case the scaling factor is greater than 1. Eq. 86 shows this effect in that Θ(x + sd xμ ) increases from its value at x as s increases. If A(γ(u)) is antiparallel to ∇ u γ, for all u, then Θ(x + sd xμ ) decreases from its value at x as s increases, and the scaling factor is less than 1. If A(γ(s)) is perpendicular to ∇ s γ, for all s, then scaling has no effect on the length of the vector as the scaling factor exponent, Θ(x + sd xμ ) x − Θ(x) = 0 for all values of s.
Dependence of Scaling on Reference Points
For reference points outside Z the dependence of scaling on the choice of reference points can be large. For example, the length of a curve from x to y, referred to the beginning at x, can be quite different from the length referred to the end at y. This can be seen by comparison of Eqs. 83 and 85. These equations give the scaled lengths of a curve from two different reference points, x and y.
The difference in the scaling integrals results from the difference between values of Θ(x) and Θ(y). If the curve, γ, is very long, or is in a cosmological region, or is in a region of rapidly varying Θ, the difference between these two values can be large.
The lengths L(γ) Θ x and L(γ) Θ y are the lengths that would be calculated by hypothetical observers at x and at y, using their respective mathematics based onR x andR y . The scaling factors in the integrals in Eq. 83, and Eq. 85, represent the scaling of values of the integrand as elements ofR γ(s) for each s, to a common point, either x andR x , or y andR y . Also L Θ (γ) y is a different number value inR y than L Θ (γ) x is inR x . One can parallel transfer, without scaling, the length values, L Θ (γ) x and L Θ (γ) y , to a common point z. As Eqs. 86 and 87 show, The transferred values are different from one another. If scaling is included, then the transferred values are equal to one another. This follows from the observation that
This is shown schematically in Figure 4 . In a similar way, the scaled line element is affected by a change of reference point. If the reference point for (dx 2 ) Θ is at x then there is no scaling. This follows from Eq. 67 with z replaced by x. For other reference points, y, the exponent of the scaling factor is Θ(x) y − Θ(y). This clearly depends on the value of Θ(y). Θ(x) y is the same number value inR y as Θ(x) is inR x . So it is independent of the choice of y. The length of curve γ for 3 different locations: the beginning and end of γ at x and y, and another location, z, away from γ. The figure shows that scaled transfer of curve lengths from two different reference points to the same point give a length value that is independent of the original reference points.
Reference Points in Z.
The above description of the effect of reference points applies to theoretical descriptions of line elements and curve lengths made by observers, O x and O y , at x and y. For points, x and y that are cosmological locations, these observers are hypothetical. However, all mathematical theory descriptions used in physics and geometry are made by us as observers in Z. The reference points for these descriptions with scaling should be limited to points in Z.
In Section 5 it was seen that the effect of scaling was negligible for all points in Z. It follows that the scaling factor for any reference point in Z should be independent of the choice of the point. It is sufficient to show this for the line element as the results are the same for any other quantity.
Let z and w be two points in Z. The scaled value of ds 2 x , referred to z is given by Eq. 67. The scaled value referred to w is given by Eq. 67 with w replacing z as (dx
Parallel transformation of this to z for comparison to the scaled line element at z gives
Since Θ(z) − Θ(w) z ≃ 0 for all w, z in Z, one has
This proves the independence because ((dx 2 ) Θ w ) z is the same number value in
The same result holds for quantities that include scaling in their definitions. The length of γ at z is related to that at w by
Here (L Θ (γ) w ) z is the same number value inR z as L Θ (γ) w is inR w . The description of the scaled path length, given by Eqs. 81 and 82, or by 83, should apply to many different geometries. Besides Euclidean and Minkowski geometries these equations should apply to Riemann and Pseudoreimann geometries. For these geometries one would use the metric tensor g µ,ν (x) to define the scalar products appearing in the various expressions for the curve length.
Distance Between Points
Since the length of curves is affected by scaling, one would also expect distances to be affected by scaling. This is the case. The distance between points x, y is defined to be the length of the minimum length curve from x to y.
Let γ be a curve where γ(0) = x and γ(1) = y. The minimum length curve from x to y is found by varying
with respect to γ and setting the result equal to 0. Here |∇ s γ| = (∇ s γ · ∇ s γ) 1/2 . For each coordinate index value, µ, the resulting Euler Lagrange equation is
Here ∂ µ,s γ = dγ µ /ds. The curve, γ, satisfying Eq. 96, is a geodesic or minimum length curve between x and y. The length of γ is the distance between x and y.
Eq. 96 shows that the presence of a space and/or time dependent scalar field, Θ, adds two terms to the usual Euler Lagrange equation. If Θ(x) is a constant for all x, then the two left hand terms of Eq. 96 are 0, and one obtains the usual equation, d ds
7 Examples of the Effect of Θ on Geometry
So far, some general effects of Θ induced scaling on geometry have been discussed. It is worth considering some specific examples of the possible space and time dependence of Θ. It is hoped that these will help to further understand the properties of the Θ boson field and its interaction with physical systems and with geometry. One way to investigate further the properties and effects of Θ is to examine the possible dependence of Θ on space and time. So far the only requirement is that ∇ z Θ ≃ 0 for all z in Z. Outside of Z there are no restrictions.
Time Dependent Θ
An interesting example is the effect of a possible time dependence of Θ on geometric and physical quantities. Assume that Θ(x), as Θ(t, x) = Θ(t), depends only on the time and not on space. For 3 dimensional Euclidean space and nonrelativistic physics, there is no scaling present at any point, x, if the time for the reference point, z, is the same as that for x.
For example, the scaled line element at x, referenced to a point z for Euclidean space is given by:
(Sum over the same indices implied). If x = t, x and z = t, z, then Θ(x) z − Θ(z) = Θ(t) z − Θ(t) = 0, and there is no scaling. Scaling is present if the reference point time, t, is different from the time, t ′ , associated with some event at x. This follows from the fact that Θ(t
Scaling is also present in relativistic physics. In order for any quantity or event at a space time point x to be observable from a reference point, z, it is necessary that x = t ′ , x be within the past light cone of z. This condition is expressed by
For relativistic physics the scaled line element at x, referenced to z, is given by
The subscript, z, indicates parallel transform from x to z. If x is on the past light cone of z then
This equation holds for all reference points z and points x on the past light cone of z. Description of events at distant locations that are visible to us as observers, requires that z = t, z is a point in Z. In this case, t ≃ 14 × 10 9 years or the age of the universe.
If Θ(t ′ , x) depends only on time and not on x, the scaling factor in Eq. 102,
is spherically symmetric about z. Its value is unchanged for all x that keep the value of | x − z| unchanged. As was noted before, the effect of scaling on quantities depends on the gradient of Θ and not on the value of Θ. The scaling factor is unaffected by changing the value of Θ everywhere by a constant. This follows from
The result is that one is free to choose the value of Θ at some location and use that as a refer4ence. Since the points z in Z are the locations available to us as observers and are the locations from which we attempt to describe the properties of the universe, it is reasonable to use Θ(z) in Z as a reference. As noted earlier, this value is the same for all z in Z. Here the choice,
for all z in Z, is made. Use of this value gives a rewrite of Eq. 102 as
The dependence of the scaling factor on the time, t ′ , with x on the past light cone of z, is of interest. Two cases are examined here. In one Θ(t ′ ) increases as t ′ increases from 0 to t, or
In the other Θ(t ′ ) decreases as t ′ increases from 0 to t, or
If Eq. 106 holds, then Θ(t ′ ), and the scaling factor, get larger as t ′ increases from 0 to t, or as the spatial distance between x and z approaches 0. Θ(t ′ ) reaches a maximum value of 0 (Eq. 104) at t = t ′ . This means that values of scaled physical and geometric entities at times ≤ t in the past light cone of z, referenced to z, get smaller with increasing distance between x and z. This includes quantities such as line elements, curve lengths, and distances between points. In this case Θ(t ′ ) < 0 and the scaling factor is less than 1. Continuing with Eq. 106, it follows that Θ(t ′ ) has a minimum value at t ′ = 0. If Θ(t ′ ) → −∞ as t ′ → 0, then the scaling factor approaches 0. It follows that, at t ′ = 0, or 14 × 10 9 years in the past, numerical values of physical, geometric, and mathematical quantities, describing events at t ′ , are seen by us at time t, as all equal to 0. This is reminiscent of the big bang in that all points of space, and possibly space itself, must be crammed into a point. This follows from the fact that space distances between all point pairs are 0. However, it is also the case that all other scaled mathematical and physical quantities, including energy and mass are also squeezed to 0.
There is a problem with this description in that both Θ(0) = −∞ and t ′ = 0 cannot hold. This is that the value, 0, associated with any physical or geometric quantity at t ′ = 0 will remain 0 for all finite t ′ . The reason is that 0 is the only number value that is invariant under scaling.
This can be avoided by either restricting Θ so that Θ(0) is a large but finite negative number, or restricting t ′ to values arbitrarily close but different from 0. In this case, values of quantities that are different from 0 at the present time t will remain different from 0 for all t ′ , and will scale.
This description raises the possibility that the scalar Θ field might be used to describe the expansion of space as is required in models of inflation [24] . An example of this is the use of the scalar inflaton field to describe the expansion of space [32] . It is possible for Θ(t ′ ) to increase sufficiently fast from a very large negative value to account for inflation. This follows from the fact that the scaling factor is the exponential of Θ(t ′ ) as in e Θ(t ′ ) , and Θ(t ′ ) can increase very fast from a large negative value. Since scaling affects all values in the same way, energies and other physical quantities increase at the same rate as do distances between points.
If this possibility has any merit, then Θ(t ′ ) must increase very rapidly to give a rapid increase of the scale factor. After a short time when inflation ends,Θ(t ′ ) ≡ dΘ(t ′ )/dt ′ can decrease to describe a moderate rate of expansion. IfΘ(t ′ ) = k > 0 then Θ(t ′ ) = k(t ′ − t) < 0 and the scale factor is e k(t ′ −t) . If k is such that kt ′ < 1, then expansion to first order gives e k(t ′ −t) ≃ e −kt (1 + kt ′ ) = 1 + kt ′ (e −kt = 1, Eq. 104), and the expansion rate is constant. Physical and geometric quantities, such as distances between points, increase at a constant rate, k. IfΘ(t ′ ) = kt ′ , then the scale factor, e
, would show that distances between points, and possibly space itself, are expanding at an accelerating rate.
If the accelerated increase of distances does apply to space, then the effect of Θ is similar to that of dark energy [6, 26] as far as the accelerated expansion of space is concerned. If quintessence [27, 28, 17] is the scalar field for dark energy, then Θ acts in a similar fashion to quintessence as far as space expansion is concerned.
If eq. 107 holds, then the scaling factor increases as t ′ decreases. If dΘ(t ′ )/dt ′ = −k with k > 0, then the scaling factor at time t ′ is e
. For values of t ′ where kt ′ < 1, the scaling factor, e
This corresponds to the contraction of distances and, possibly, of space as t ′ increases. Figure 5 illustrates these two cases of positive and negative time derivatives as x moves towards and away from z along the past light cone of z. To save on space, one light cone is used for these two cases. r x,z is the scaling factor.
It has been seen that the space and time dependence of scaled mathematical quantities that depend on numbers depends on the space time dependence of the boson field, Θ. This raises the possibility that numbers may be treated as physical systems, [23] . Whether this idea has merit or not is a question for the future.
For general relativity the equation expressing the time dependence of the value of the scaled line element, Eq. 98 with Θ(z) = 0, becomes
The FRW line element [25] provides a good example for scaling. The usual expression for the line element is 
is the scaling factor. The arrows show the effect on scaling as x = t ′ , x moves toward and away from z = t, z along the light cone. B denotes an upper bound in case the scaling factor is bounded from above.
With separate mathematical universes at each point of M , this represents the line element at x. The unscaled representation at any other point z is obtained by parallel transporting the terms to z. This gives
Each term has the same value in the mathematics at z as the corresponding term in Eq. 109 has in the mathematics at x. The scaled representation of the FRW line element is given by
This equation shows that both the time component (c 2 dt 2 ) z and the time dependent space component, a(t)
2 ) z are multiplied by the same scaling factor. It also shows that the time dependence of the factor a(t), which is based on the Einstein equations [25] , is not related to the time dependence of Θ and scaling as described here.
It should be emphasized again that (dx In spite of this caveat, it is also the case that, for locations x that are cosmological for observers in Z, O z must use scaled descriptions of events and aspects of space and time that are very far away from Z. The reason is that O ′ z s mathematics is based on number and other mathematical systems that are local to z. Mathematical descriptions of events or properties at distant points are based on mathematics that is local to these points. Since these are not available to observers in Z, the descriptions and predictions must be transferred to the mathematics local to O z . These transferrals use both parallel transformations and scaling.
Black and White Scaling Holes
So far descriptions of points x at which the boson field, Θ(x), varies rapidly have been limited to times, t ′ ≈ 0, or close to the time of the big bang. However there is no reason why Θ(x) cannot vary rapidly and assume very large positive or negative values at other points. Just as gravitational singularities in space lead to black holes, singularities in values of the field, Θ(x), can lead to both black and white scaling holes. Two examples will be described here: one for black scaling holes and the other for white scaling holes. Both are cases in which the absolute value of Θ(x) approaches infinity as x approaches a point x 0 which is far away from Z. For black scaling holes, Θ(x) → ∞ as x → x 0 . For white scaling holes, Θ(x) → −∞ as x → x 0 . To keep things simple, Θ(x) is assumed to depend on space only and not on time.
Let the field Θ be spherically symmetric about x 0 . Then it depends solely on the radial distance, r, from x 0 to x. The radial gradient of Θ, A(r), is either parallel or antiparallel to the radius vector from x 0 . Figure 6 illustrates the setup.
Let γ be a vector from z to x 0 parameterized by 0 ≤ s ≤ 1 where γ(s) = z + slμ. Hereμ is a unit vector along the radius from z to x 0 , and l is the unscaled length of γ. The scaled length to points x along γ, referred to z, is given by Eq. 86 as
Here x = z + wlμ. Also 0 ≤ w ≤ 1. Consider the case where A(γ(s)) = ∇ s γ is directed towards x 0 along a radius as in Figure 6 . Assume that Θ varies with distance along a radius according to
Here |x 0 − γ(s)| is the distance from x 0 to γ(s). Also K > 0. For this example Θ(γ(s)) has a positive singularity at s = 1. Use of Eq. 113 in Eq. 112 gives
This integral can be simplified by arbitrarily choosing K and z so that K/l = 1. This allows simplification of the integral to
The dimensionless integral is multiplied by l or K to give the integral the dimensions of length. Figure 7 is a plot of the integral in Eq. 115 as a function of w. As such it shows the scaled and unscaled dimensionless distances from z to points, x, along the radius to x 0 . The abscissa gives the unscaled distance from z to x as w in dimensionless units, and the ordinate gives the scaled distance, also in dimensionless units. Figure 7 shows dramatically that the scaled distance from z to x goes to infinity as x approaches x 0 , or w → 1. For instance, for x where the distance from z to x is 80% of that from z to x 0 , the scaled distance is about 4 times that of the unscaled distance. Figure 8 is a plot of the scaled and unscaled dimensionless distances from z to a point, z ′ , (Fig. 6 ) more distant from x 0 than z. The scaled distance, referenced to z, is a plot of the integral in
as a function of w with 0 ≤ w ≤ 1. The path length between z and z ′ is denoted by l ′ . z ′ is chosen so that |x 0 − z ′ |/K = 2. The unscaled distances from z, as a straight line, are also shown for comparison.
The integral is obtained by noting that path length from x 0 extends from |z − x 0 | to |z ′ − x 0 |, or from 1 to 2 in dimensionless units. The scaled path is shorter than the unscaled path because the location of the reference point, z, is closer to x 0 than is any point between z and z ′ . Also the direction of A(r) towards x 0 is opposite to the path direction. This compresses the path length.
This setup, with the scaling vector ∇ r Θ = A(r) directed towards positive infinity at x 0 , is denoted here as a scaling black hole. One reason is that the scaled distances from a reference point, z, to radial points, x, increase without bound as x → x 0 . Another reason is that if one puts a classical system at z with nonzero energy, then the force acting on the system is towards x 0 . This is shown in Eq. 54, which is the equation of motion obtained from the action with scaling included.
The other case of interest here is obtained by setting K < 0 in Eq. 113. In this case Θ(x) → −∞ as x → x 0 , As shown in Fig. 6 , A(x) is directed radially outward from x 0 with magnitude becoming infinite as x approaches x 0 .
For this case the scaled distance from z to x, referenced to z, is given in The results are shown in Figure 9 as a plot of the integral as a function of w where, as before, 0 ≤ w ≤ 1. The curves in this figure show that the scaled distance from z to x, Fig. 6 , approaches a limit at about 0.4 of the unscaled distance. It is close to this limit for values of x that are greater than 70% of the way from z to x 0 .
In a sense, the outward directed vector field A(r) acts like a barrier preventing the scaled distance from reaching its unscaled value. If one puts a classical system at z, then as Eq. 54 shows, the direction of the force acting on the particle is radially away from x 0 . For these reasons, this example of Θ is called a scaling white hole at x 0 .
Discussion
There are several aspects of the effect of the boson field, Θ, on physics and geometry that should be noted. One aspect is the appearance and emphasis on the notion of "sameness". This shows up in gauge theories where the unitary operator, U y,x , in Eq. 3, defines or describes the meaning of "same vector" between two points. This is different from the usual treatment of gauge theo- ries where the notion of "same vector" does not appear if one represents U y,x using generators of a Lie algebra. However, as was noted, this is not correct mathematically.
The concept of "sameness" also plays an important role in the basic model used here with separate mathematical structures associated with different space time points. The parallel transformation operators, F y,x , Eq. 6, for numbers and unitary operators, U y,x , Eq. 3, for vector spaces describe or correspond to this concept. If a x is a number value in the complex number structure,C x , then a y = F y,x a x is the same number value inC y as a x is inC x . If ψ x is a vector in the vector space,V x , then ψ y = U y,x ψ x is the same vector inV y as ψ x is inV x .
As far as the definitions of parallel transforms [4] are concerned, it makes no difference here whether the notion of "sameness" is assumed a priori and the operators F y,x and U y,x are required to preserve it, or the choice of the operators defines the notion of "sameness" between mathematical structures. Here the concept of sameness or same value is taken for granted, and it makes no difference whether "sameness" or parallel transformation operators are taken to be a priori.
The concept of "sameness" or "same value" provides a reference point or base for the description and meaning of scaling between structures at different points. As was noted earlier in this work, the model assumption of separate mathematical structures at each space time point, with parallel transform op-erators between structures, and no scaling, gives the same mathematics and physical theory predictions as does the usual mathematical setup. This shows that separate mathematical structures at each point, with an appropriate notion of sameness and no scaling, is completely equivalent to the usual treatment of mathematics and its use in physics. The possibility that one might be able to dispense with the concept of sameness or parallel transformation and treat these and scaling together as emergent concepts is an open question.
Probably the main question to consider is what physical field, if any, does Θ represent. The appearance of Θ as a scalar boson field with very weak coupling to matter fields in gauge theory helps, but it does not answer this question. The fact that there is no evidence of the presence of Θ on physics in a local region, Z, Section 5, restricts the effects of Θ to cosmological regions. If Θ has any observable or predictable consequences, they would show up over very large regions of space and time.
It is interesting to note that there are many suggestions in the literature for the role that scalar fields have in physics [31] . Many are attempts to explain dark energy [6, 26] . Some include modification of gravity by including a scalar field [29, 30] . Others use scalar fields to describe a space and time varying cosmological constant, Λ. Quintessence is one example that has been much studied [27, 28, 17] . Other examples of scalar fields in physics include the inflaton to describe inflation in cosmology [32] , the Higgs boson [33] , and supersymmetric partners of spin 1/2 fermions [34] .
At present it is not known if the field, Θ, described in this work, corresponds to any of these physical fields. These examples do show that there are many possibilities. It is also possible that Θ combines mathematics and physics together in a manner that is different from that of corresponding to any of the existing fields.
One potentially desirable approach would be to consider the maps, with scaling between two number structures as single maps instead of their description as products of two maps, a parallel transformation followed by a scaling. In this approach, the concept of "same number as" and the representation of the map as a product of two maps would be an emergent property.
It is clear from these considerations that there is much to do in order to tie the model considered here more closely to physics, if it is possible to do so. In addition, more needs to be done to determine if physics makes use of the Θ field. In any case one should keep in mind that, for the model considered here with separate mathematical structures at each space and time point, the scaling factors and parallel transformations provide mappings between these mathematical structures and their elements. They apply to numbers and other mathematical entities independent of whether the entities represent physical quantities or have nothing to do with physics. However, as has been seen, their effect on physical quantities, especially those represented by derivatives or integrals over space and time, can be appreciable.
Conclusion
In this work the assignment of separate vector spaces to each space time point in gauge theories was expanded to assign separate complex number structures to each point. The freedom of choice of bases in the vector spaces was expanded to include freedom of choice of scaling for the complex scalars. Use of this with the requirement that Lagrangians be invariant under local gauge transformations, resulted in the presence of a boson field, Θ, whose mass is optional and interaction with matter fields is very weak.
The second part of the paper explores a basic model that extends the idea of separate complex number structures at each point to include structures for other types of numbers and mathematical systems that are based on numbers. The mathematics available to an observer, O x , at x, is assumed to be limited to the structures at x. In other words, mathematics is local. Maps between the structures are products of parallel transforms and Θ induced scaling factors.
The effects of Θ scaling on some aspects of physics and geometry are investigated. The fact that experiments in physics give no hint of scaling implies that scaling must be absent for all points z in a region Z occupiable by us as observers. For all x, y in Z, Θ(y) − Θ(x) ≃ 0. Outside Z at cosmological distances, this restriction does not apply.
Mathematical descriptions of events or properties at far away locations, x, use the mathematics at x. The description by O z , using the mathematics at z, requires transfer with scaling of the description at x to z. This type of scaling is external in that the transfer is of the mathematical description. If the mathematical description at x includes space or time integrals or derivatives, then there is a scaling factor inside the integral or derivative. This type of scaling is internal. Internal scaling differs from external scaling in that external scaling can be removed by transferring the reference point to the location x. Internal scaling cannot be so removed.
The effects of scaling on geometric properties of entities outside Z was investigated. In particular, line elements and lengths of curves were described both with and without the effects of scaling. It was seen that with separate mathematical structures at each point but without scaling, the description, using parallel transform operators, gave the same results as the usual model with just one global set of mathematical structures. The scaling factors based on Θ were also found to be independent of geometry in the sense that they appear as multiplying factors that are independent of the metric tensor.
The effect of the choice of reference points on scaling was described. One good feature is that the effect of scaling on physics and geometry is the same for all reference points in Z. All observers in Z should agree on the presence or absence of Θ induced scaling, and the effect should be the same for all observers.
Two specific examples of the effect of Θ on geometry are investigated. In one, Θ is assumed to be time dependent and independent of space location, Θ(t ′ , x) = Θ(t ′ ). If x is on the past light cone of any point z in Z and dΘ(t ′ )/dt ′ > 0, then distances, line elements, and other quantities increase as t ′ increases. t ′ = 0 is the time of the big bang. Since Θ(t ′ ) can increase very rapidly from a very large negative value at t ′ equal or close to 0, scaling can describe the cramming of space into a small volume or point. It can also describe the rapid increase of space like that described by inflation [24] .
At later times, if dΘ(t ′ )/dt ′ = k > 0, or kt ′ , the time dependence of Θ can describe the constant, or accelerated expansion of distances between points. In this sense it mimics dark energy [6, 26] . If dΘ(t ′ )/dt ′ < 0, then the time dependence of Θ describes the contraction of distances and other quantities as t ′ increases from 0 to the present time, t ≈ 14 × 10 9 years. The other example shows that Θ can give rise to what are denoted here as black and white scaling holes. Black scaling holes arise in case Θ(r, θ, φ) = Θ(r) is spherically symmetric around some point x 0 and Θ(r) → ∞ as r → 0. Here r is the radial distance between some point and x 0 . A specific example where Θ(r) = K/r and K > 0 is worked out. This is denoted a black scaling hole because the path length from a point z to any point x on the radius from z to x 0 increases without bound as x approaches x 0 . Also if a particle is placed at point z, then one finds that the force on the particle due to Θ equals the product of A(r) and the Lagrangian density. As such it is directed towards x 0 and increases without bound.
White scaling holes arise in case Θ(r) → −∞ as r → 0. A specific example with Θ(r) = K/r and K < 0 is described. In this case scaled path lengths between z and x approach a barrier in that they approach a maximum of about 40% of the unscaled path length between z and x 0 as x approaches x 0 . The force on a particle at x is directed outward along the radius. It also increases without bound as x approaches x 0 .
As was noted in the discussion, there is much to be done. If, and it is a big if, one can show that physics and geometry make use of the boson field Θ, either as one of the scalar fields already proposed, or to tie mathematics and physics more closely together, then real progress will have been made towards constructing a coherent theory [35, 36] of physics and mathematics together.
